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Three-dimensionalThis study used a hybrid analytical and numerical method to analyze three-dimensional (3D) elastic
bodies with sharp-V notches. The proposed method separates the 3D equilibrium equation into primary
and shadow parts, where the solution of the primary part is the analytical solution under the generalized
plane-strain theory, and the shadow part is solved numerically using a weak form based on the ﬁnite
element theory. A least-squares method is then used to ﬁnd the multiplication factors of these primary
and shadow modes using 3D ﬁnite element results. Numerical simulations indicate that the proposed
method can accurately simulate the singularities near a sharp V-notch. The major advantage of this
method is that a 3D whole displacement ﬁeld with the singular effect based on the theoretical solution
near the notch can be obtained for anisotropic materials under arbitrary loads.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
While investigation of the three-dimensional (3D) stress and
displacement ﬁelds near sharp-V notches is of fundamental impor-
tance, there are still short of 3D analytical solutions with regard to
this. However, there are a number of studies that discuss the 3D
effects of notch or crack problems. Bazant and Estenssoro (1977)
used a numerical integral method to ﬁnd the 3D singularities of
isotropic materials, while Somaratna and Ting (1986) extended
this technique to anisotropic materials. Li et al. (2000) used 3D
ﬁnite element analyses to study elastic notch-root stress ﬁelds in
plates, and they found that strong 3D effects exist within a radius
of about three-eighth the plate thickness from the notch root. Noda
and Takase (2003) calculated the 3D stress intensity factors (SIFs)
for various cases of a V-shaped notched round bar using the body
force method. Huang (2004) used high-order plate theory with the
eigenfunction expansion approach to investigate the singularities
at the vertex of a wedge, and the characteristic equations for deter-
mining the orders of singularities in the resulting stresses were
separately developed for plates under extension and bending.
Yosibash et al. (2005) used the eigen-functions with their shadows
to solve the 3D elastic isotropic problems with singularities, and
numerical examples were provided in the problems of 3D cracked
and V-Notched domains. Kotousov (2007) adopted a ﬁrst order
plate theory to study the 3D stress effect near the notch tip, and
the elastic solutions obtained within this theory are discussed
and compared with two-dimensional (2D) analytical results.Omer and Yosibash (2008) investigated the solution to elasticity
problems in 3D polyhedral multi-material anisotropic domains in
the vicinity of an edge. Their approach included eigenfunctions
complemented by shadow-functions and their associated edge
stress intensity functions. Treiﬁ et al. (2008) used the fractal-like
ﬁnite element method to compute SIFs for cracked/notched plates,
and this method reduces a large number of unknown variables in
the singular region to a small set of co-ordinates by performing a
fractal transformation that requires the analytical displacement
solutions around a singularity. She et al. (2008) studied the 3D
effects of stress concentrations at notches and the 3D stress ﬁelds
of cracks, and the concept of equivalent thickness of the point on
the crack front line was proposed based on a detailed analysis of
the 3D out-of-plane stress ﬁelds of cracks. Chaudhuri and Chiu
(2009) developed a 3D eigenfunction expansion approach to pre-
dict the singular stress ﬁeld in the neighborhood of the interfacial
front of an adhesively bonded scarf joint, when the plate is sub-
jected to extension/bending and in-plane shear/twisting far ﬁeld
loading.
Gao (2010) numerically evaluated hyper- and super-singular
boundary integrals, which exist in the Cauchy principal value sense
in 3D problems, and the singularities were analytically removed by
expressing the non-singular parts of the integration kernels as
power series in the intrinsic coordinate system. Nomura et al.
(2010) used the H-integral to analyze the singular stress ﬁeld of
a 3D interfacial corner between anisotropic bimaterials under ther-
mal stress, and the eigenvalues and the eigenfunctions are
obtained using the Williams eigenfunction method. Ju (2010) used
a least-squares method to ﬁnd the SIFs of a notch formed from
several elastic anisotropic materials, and made use of complex
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Fig. 1. Geometry of a sharp V-notch (the origin of interest is located at the notch
tip, and the center of the notch surface is in the negative x direction).
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of-plane plain-strain formulations. Kotousov (2010) discussed
some features of the 3D singular solutions for sharp notches, and
the relationships between the intensities of the singular stress
states corresponding to the 3D linear elastic solutions and the plate
thickness were established. Yosibash et al. (2011) developed the
3D asymptotic solutions of the problem in the vicinity of a circular
singular edge. They provided explicit formulas for a number of 3D
problems with cracks, such as a penny-shaped crack and a circum-
ferential crack. Berto et al. (2013) investigated the notch singular-
ities using the 3D ﬁnite element method, which was applied to
notched plates with different notch opening angles and plate thick-
nesses, and also presented the stress states associated with the
coupled mode. Finally, Huang and Hu (2013) studied the electro-
elastic singularities at the vertex of a wedge using 3D piezoelastic-
ity theory. In their work, an eigenfunction expansion approach was
combined with a power series solution technique to ﬁnd asymp-
totic solutions at the vertex of the wedge. Treiﬁ and Oyadiji
(2013a) developed a strain energy approach to compute the 3D
SIFs for isotropic homogeneous and bi-material plates containing
cracks and notches, and the approach is based on the strain energy
of a control volume around the notch tip. Treiﬁ and Oyadiji (2013b)
used the fractal-like ﬁnite element method to compute the SIFs of
bi-material notched bodies subject to anti-plane shear loading, and
a number of numerical results were presented to demonstrate the
accuracy and efﬁciency of this method.
There are still short of effective methods to obtain the analytical
solution for the 3D body with a sharp-V notch in the literature. This
study thus developed a systematic scheme combining the recur-
sive equation from Omer and Yosibash (2008), analytical solution
from Ting (1996) and a ﬁnite element method to solve the notch
singularities of 3D elastic bodies, and the accuracy of which is also
studied.
2. Recursive relations of 3D elasticity problems
For an elastic solid without body forces, the equilibrium equa-
tion associated with the displacement ﬁeld (uk) is:
Cijkluk;lj ¼ 0 ð1Þ
where Cijkl is the elasticity tensor. For the Cartesian coordinate
x–y–z system, if this equation is expanded with the z coordinate,
one obtains:
Ci1k1
@2
@x2
þ ðCi1k2 þ Ci2k1Þ @
2
@x@y
þ Ci2k2 @
2
@y2
" #
uk
þ ðCi1k3 þ Ci3k1Þ @
@x
þ ðCi2k3 þ Ci3k2Þ @
@y
 
@uk
@z
þ Ci3k3 @
2uk
@z2
¼ 0
or
½M0fug þ ½M1 @fug
@z
þ ½M2 @
2fug
@z2
¼ 0 ð2Þ
where
½M0 ¼ Ci1k1 @
2
@x2
þ ðCi1k2 þ Ci2k1Þ @
2
@x@y
þ Ci2k2 @
2
@y2
½M1 ¼ Ci1k3 þ Ci3k1ð Þ @
@x
þ Ci2k3 þ Ci3k2ð Þ @
@y
; and ½M2 ¼ Ci3k3 ð3Þ
Based on the equations developed by these references Costabel
et al. (2004) and Omer and Yosibash (2008), a recursive displace-
ment formulation to ﬁt Eq. (2) is used as follows:
fug ¼
X1
i¼0
@if ðzÞ
@zi
fUiðx; yÞg ¼
X1
i¼0
aiðzÞfUiðx; yÞg ð4Þwhere aiðzÞ ¼ @ if ðzÞ=@zi are functions of z, and Uiðx; yÞ are functions
of x and y. Substitute Eq. (4) into Eq. (2), and obtain:
½M0fU0g ¼ 0 ð5Þ½M0fU1g þ ½M1fU0g ¼ 0 ð6Þ
and
½M0fUig þ ½M1fUi1g þ ½M2fUi2g ¼ 0 for i ¼ 2 to 1 ð7Þ
Using Eqs. (4)–(7), one is able to solve 3D elasticity problems
either fully- or semi-analytically. First, the 2D displacement ﬁeld
{U0} of Eq. (5), deﬁned as the primary solution, is solved. Since this
equation is homogeneous and 2D with certain boundary condi-
tions, a number of problems, such as cracked or notched plates,
have already been solved analytically. It is noted that the primary
solution {U0} contains displacement components in the x, y and z
directions, but they are only functions of x and y. Equations (6)
and (7) are then successively solved to obtain Ui for i > 0, which
are deﬁned as the shadow solutions associated with the primary
solution U0. The equations for the shadow solutions are inhomoge-
neous and 2D, with the same boundary conditions as the primary
solution. Due to the boundary conditions and inhomogeneous
terms, the shadow solutions often cannot be obtained analytically,
and an alternative approach is to solve them numerically, which
will be discussed in the subsequent section. For a plate with a
free-free notch or crack, this condition may not cause any serious
problem, since the singularity along the thickness (z) direction is
a constant (Huang, 2004), and the primary solution is dominant.
When all the primary and shadow solutions are obtained, the
remaining problem is to determine ai(z) in Eq. (4). Although this
step only produces an ordinary differential matrix equation, it is
still complicated to solve it analytically. For problems with cracks
or notches, the singularity is always dealt with ﬁrst. We will thus
use the 3D ﬁnite element results along with a least-squares
method to determine ai(z). The major advantage of this procedure
is that the solution of ai(z) can be obtained at each x–y plane inde-
pendently. Moreover, the proposed method is useful for these sin-
gular problems, since these are difﬁcult to solve using the ﬁnite
element method alone.3. Displacement ﬁelds of a 2D domain with a sharp-V notch
This section will evaluate the primary solution of Eq. (5) for the
displacement ﬁelds of a sharp-V notched body, where the x, y, and
z displacements are functions of the x and y axes only. The coordi-
nate system is deﬁned in Fig. 1, where the origin is located at the
notch tip and the center of the notch surface is on the negative x
axis, the in-plane y axis is perpendicular to the x axis, the z axis
is the out-of-plane direction, r and h are the in-plane polar coordi-
nates, +a and a are the angles from the x-axis to notch surfaces
anti-clockwise and clockwise, respectively, and angle c is 2(p  a).
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the displacement {u2D} and stress function {/} can be found as
follows:
fu2Dg ¼ rdþ1 ½A ½A
  CðhÞ½ dþ1 ½0
½0 CðhÞ
h idþ1
2
4
3
5 B½ T
B
 T
( )
fqg
¼ rdþ1½CA½HðhÞ CB½ Tfqg
ð8Þ
f/g ¼ rdþ1 ½B ½B
  CðhÞ½ dþ1 ½0
½0 CðhÞ
h idþ1
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5 B½ T
B
 T
( )
fqg
¼ rdþ1½CB½HðhÞ CB½ Tfqg
ð9Þ
where
½CA ¼ ½A ½A
 
; ½CB ¼ ½B ½B
  ð10Þ
½HðhÞ ¼
CðhÞ½ dþ1 ½0
½0 CðhÞ
h idþ1
2
4
3
5 ð11Þ
x means the conjugate of x, {q} are complex vectors dependent on
loading and problem geometry, d is an eigenvalue dependent on
material properties and notch angle a (Fig. 1), [A] and [B] are Stroh
matrices dependent on material properties (Ting, 1996; Stroh,
1962), and [C(h)] is deﬁned as follows:
½CðhÞ ¼
cos hþp1 sin h
cosðaÞþp1 sinðaÞ 0 0
0 cos hþp2 sin hcosðaÞþp2 sinðaÞ 0
0 0 cos hþp3 sin hcosðaÞþp3 sinðaÞ
2
666664
3
777775 ð12Þ
where p1, p2, and p3 are Stroh eigenvalues dependent on material
properties only, and Im(pj) > 0. For the free-free notch, {/} should
be vanished at h = a, so Eq. (9) will be f/ðh ¼ aÞg ¼
rdþ1 ½B B½ T þ ½B B T  ¼ f0g according to Stroh closure relations
(Ting, 1996). For the free-free notch, {/} should be also vanished
at h = +a. From Eq. (9), one obtains:
f/ðh ¼ aÞg ¼ rdþ1½CB½Hðh ¼ aÞ CB½ Tfqg ¼ f0g ð13Þ
Thus; ½Kfqg ¼ f0g ð14Þ
where ½K ¼ ½CB½Hðh ¼ aÞ CB½ T is a 3 by 3 matrix ð15Þ
Thus, for a nontrivial solution of {q}, d must be a root of
det½K ¼ 0 ð16Þ
In this study, Muller’s method (Press et al., 1986) is used to ﬁnd
all the required eigenvalues d. The eigenvectors {qe} of Eq. (14) can
then be obtained, and the solution of {q} is assumed as follows:
fqg ¼ ffqeg ð17Þ
where {qe} is an eigenvector without normalizing, and f is a
scalar dependent on loading and problem geometry for 2D
problems, and it is a function of z for 3D problems (f(z)), as shown
in Eq. (4). Using Eq. (17) to re-arrange Eqs. (1) and (2) for 3D
problems, one obtains Eq. (18), which is the primary solution of
Eqs. (4) and (5).
fu2Dg ¼ ffU0g ð18Þ
where
fU0g ¼ rdþ1½CA½HðhÞ CB½ Tfqeg ð19ÞSince the derivatives of Eq. (19) with respect to x and y are
required in Eq. (3), they are listed as follows:
@fU0g
@x
¼ðdþ1Þrd ½A ½A
  ½Cð0Þ CðhÞ½ d ½0
½0 ½Cð0Þ CðhÞ
h id
2
4
3
5 B½ T
B
 T
( )
fqeg
ð20Þ
@fU0g
@y
¼ðdþ1Þrd ½A ½A
  ½Cðp=2Þ CðhÞ½ d ½0
½0 ½Cðp=2Þ CðhÞ
h id
2
4
3
5 B½ T
B
 T
( )
fqeg
ð21Þ4. A ﬁnite element method to obtain shadow solutions
If {U0} in Eq. (4) is known, other shadow (high-order) terms,
such as {Ui} for i > 0, can be found using Eqs. (6) and (7) as follows:
½M0fU1g ¼  Ci1k3 þ Ci3k1½ @fU0g=@x
 Ci2k3 þ Ci3k2½ @fU0g=@y ð22Þ
½M0fU2g ¼ ½Ci1k3 þ Ci3k1@fU1g=@x ½Ci2k3
þ Ci3k2@fU1g=@y ½M2fU0g ð23Þ
½M0fUig ¼ ½M1fUi1g  ½M2fUi2g for i > 2 ð24Þ
It is difﬁcult to obtain analytical solutions for the above equa-
tions with complicated boundary conditions. A ﬁnite element
method is thus used to ﬁnd the discrete solution, and the weak
forms of Eqs. (22)–(24) are changed to the stiffness matrices and
force vectors of each element as follows:
½KefUeqg ¼ fFeqg for q ¼ 1;2;3; . . . ;Nq ð25Þ
where fUeqg is the nodal displacement vector of an element, and Nq
is the number of shadow displacement vectors. Theoretically, this
number should be inﬁnite, but it is set to a ﬁnite number (Nq) in
the numerical analysis. [Ke] and fFeqg are the equivalent element
stiffness matrix and force vector, respectively, and these are:
½Ke ¼
Z
A
B½ T ½D½BdA ð26Þ
fFe1g ¼
Z
A
N½ T ½Ci1k3þCi3k1@fU0g=@xþ½Ci2k3þCi3k2@fU0g=@yð ÞdA
ð27Þ
fFe2g ¼ 
Z
A
N½ T ½Ci1k3 þ Ci3k1@fU1g=@xþ ½Ci2k3 þ Ci3k2@fU1g=@yð
þ M2fU0g½ ÞdA ð28Þ
fFeqg¼
Z
A
N½ T ½Ci1k3þCi3k1@fUq1g=@xþ½Ci2k3þCi3k2@fUq1g=@y

þ M2fUq2g
 	
dA ð29Þ
where A is the area of the problem domain, [D] is the stress–strain
relationship matrix with the stress vector of
rxx ryy rzz ryz rzx rxy½ T ð30Þ
½N ¼
N1 0 0 N2 0 0 N3 0 0    NNe 0 0
0 N1 0 0 N2 0 0 N3 0    0 NNe 0
0 0 N1 0 0 N2 0 0 N3    0 0 NNe
2
64
3
75
ð31Þ
and
½B ¼
@N1=@x 0 0 @N2=@x 0 0 @NNe=@x 0 0
0 @N1=@y 0 0 @N2=@y 0 0 @NNe=@y 0
0 0 0 0 0 0    0 0 0
0 0 @N1=@y 0 0 @N2=@y 0 0 0 @NNe=@y
0 0 @N1=@x 0 0 @N2=@x 0 0 0 @NNe=@x
@N1=@y @N1=@x 0 @N2=@y @N2=@x 0 0 @NNe=@y @NNe=@x 0
2
666666664
3
777777775
ð32Þ
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shape functions, and Ne is the number of nodes in an element. In
this study, 8-node quadrilateral isoparametric elements are used.
The features of the above ﬁnite element formulations are as fol-
lows: (1) a 2D mesh in a plane section is generated with the x–y
axis system, (2) each node contains three degrees of freedom, (3)
all the equations and variables are independent of the z axis, and
(4) the in-plane (x–y) behavior represents the plane strain effect,
and (5) the out-of-plane (z) behavior only contains the shear defor-
mation effect. The standard ﬁnite element procedures can be used
to form the global matrix equation using the element matrices of
Eq. (25).The shadow nodal displacement vectors {Ui} for i > 0 of
the discrete form can then be found by solving this global matrix
equation.5. Least-squares method to ﬁnd displacement ﬁelds using ﬁnite
element results
This section uses a least-squares method with the 3D ﬁnite ele-
ment result to determine the best ﬁtting ai(z) of Eq. (4). For each
eigenvalue (d + 1) of Eq. (14), one obtains a displacement ﬁeld of
Eq. (4). This equation is thus re-written as follows:
fuFEMg ¼
XNq
i¼0
XNd
j¼1
aijðzÞfUijðx; yÞg ð33Þ
where subscript i means the ith shadow term, in which i = 0 means
the primary term, subscript j means the jth eigenvalue in Eq. (14),
Nq is the number of shadow terms, Nd is the number of eigenvalues
(or the number of primary terms) in Eq. (14), {uFEM} is the nodal dis-
placement vector at a selected x–y plane from the 3D ﬁnite element
analysis, aij (z) are unknowns dependent on the applied loads, and
{Uij(x,y)} are the primary and shadow nodal displacement vectors
discussed in Section 4, in which the primary term is obtained from
the analytical solution of Eq. (19), and other shadow terms are cal-
culated from ﬁnite element analyses mentioned in Section 4. Theo-
retically, Nq and Nd should be inﬁnite, and we will discuss the error
due to setting ﬁnite values for them later in this work.
The least-squares method with the same sequence in Eq. (25) is
used to determine aij(z) in Eq. (33), which means that the least-
squares method ﬁnds the a0j(z) of the primary terms, a1j(z) of the
ﬁrst shadow terms, a2j(z) of the second terms, and so on, respec-
tively. For ith shadow terms with three rigid body motions and
three rigid body rotations, Eq. (33) can be rewritten as follows:fDuFEMg ¼ fuFEMg  fui1g ¼ fUi1g fUi2g    fUiNdg fxg fyg fzg frxg fryg frzg½  ai1 ai2    aiNd aix aiy aiz airx airy airz½ Tor
fDuFEMg ¼ ½Uifaig ð34Þwhere {DuFEM} is the residue displacement vector at the current
step, {ui1} is the displacement vector at step i  1, including the
effect of the primary solutions and the 1st to ith shadow solutions,
aix, aiy, and aiz are rigid body motions in the x, y and z directions,
respectively, at the ith step, airx, airy, and airz are rigid body rotations
in the x, y and z directions, respectively, at the ith step.
fxg ¼ 1 0 0 1 0 0    1 0 0½ T
fyg ¼ 0 1 0 0 1 0    0 1 0½ T
fzg ¼ 0 0 1 0 0 1    0 0 1½ T
frxg ¼ 0 z1 y1 0 z2 y2    0 zNd yNd½ T
fryg ¼ z1 0 x1 z2 0 x2    zNd 0 xNd½ T
and frzg ¼ y1 x1 0 y2 x1 0    yNd xNd 0½ T
The least-squares form of Eq. (34) can thus be obtained as
follows:
Ui½ T ½Uifaig ¼ Ui½ TfDuFEMg ð35Þ
The unknown vector {ai} for the ith shadow term can be deter-
mined by solving the above equation. One can then solve the
unknown of each shadow term successfully. When all the {ai} are
determined, the residue displacement {DuFEM} still may not
approach zero. An alternative approach is thus to restart the same
procedure for a number of iterations (Nt) using the current residue
displacement, and at this restarting step, {ai} in Eq. (35) changes to
the incremental {ai}. One can solve Eq. (35) successfully to obtain
the incremental {ai}, and add it to the total {ai} for Nt iterations,
so that a minimum required residue can be obtained. There are
numerical difﬁculties in the proposed method, and these are dis-
cussed as follows:
(1) The eigenvalues in Eq. (14) may contain complex conjugate
values, which often cause numerical inaccuracies when Eq.
(35) is solved, such as the imaginary part beingmuch smaller
than the real part. An alternative approach is to change the
pair of complex vectors fUikg and {Uik+1} (=fUikg) in Eq. (34)
to the real part of 2{Uik} and imaginary part of 2{Uik}, so that
the solution of the two parameters will be the real and imag-
inary parts of aik, respectively. Eq. (35) is then a real matrix
equation, which can be solved quickly and accurately.
(2) Successfully solving Eq. (24) may cause ﬂoating point over-
ﬂow. For example, if each step produces a ten times increase
in the shadow solution, 300 steps may cause the solutionlarger than 10308, which produces overﬂow problem for
8-byte real values. However, one can divide Eq. (24) by an
appropriate constant value to overcome this.
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rigid body motions or rotations, so if six extra rigid body
effects are included in Eq. (34), those eigenvalues (d + 1)
equal to or near one should be neglected from Eq. (34), or
Eq. (35) will be singular.
(4) The 2D mesh to ﬁnd the shadow solutions is suggested to be
exactly the same as the x–y plane of the 3D ﬁnite element
mesh, so that the interpolation between the 2D and 3D ﬁnite
element results is not necessary.
(5) To form and solve Eq. (35), it is suggested that 16-byte real
and 32-byte complex variables are used to avoid truncating
errors. Other procedures, such as calculating notch eigen-
values, do not need to use such high precision variables.
6. Numerical investigation
6.1. Explanation of the numerical example
Numerical simulations were performed by using the ﬁnite ele-
ment program from Ju (1997), in which 3D 20-node linear-elastic
isoparametric elements are used. To demonstrate the accuracy of
the proposed method, the displacements obtained from the ﬁnite
element and proposed methods are compared, and the error is
deﬁned as follows:
i error ¼
Pm
j¼1 d
FEM
ji  dLSji



 


Pm
j¼1 d
FEM
ji



 


 ð36Þ
where i = x, y, or z, and
Total error ¼
Pm
j¼1 d
FEM
jx  dLSjx



 


þ dFEMjy  dLSjy


 


þ dFEMjz  dLSjz


 


Pm
j¼1 d
FEM
jx



 


þ dFEMjy


 


þ dFEMjz


 


 ð37Þ
where dFEMjk is the displacement at node j in direction k from the 3D
ﬁnite element analysis, and dLSjk is the displacement at node j in
direction k from Eq. (4). The above displacements are the relative
displacements to those at the notch tip, so that the rigid body
motion will not affect the error calculation. Equations (36) and
(37) express the accuracy or lack of accuracy of the proposed
method in simulating the ﬁnite element displacement ﬁeld.
The validated example is a composite plate containing two
symmetric sharp-V notches subjected to a uniform tension r0 with
the dimensions shown in Fig. 2. The notch angle c (Fig. 1) is 30, the
speciﬁc notch length-to-plate width ratio is 0.1, the plate thickness
is 0.503 mm, the Young’s modulus and shear modulus in the x, y,
and z directions are equal to 120 GPa and 10 GPa, respectively,
and the Poisson’s ratios in each direction are equal and set to a
parameter that ranges from 0.1 to 0.49. Due to the symmetry, a
model with the half ﬁnite element mesh is generated with a signif-
icantly ﬁne mesh near the notch tip and plate surfaces, as shown inσ0
10 m m
1m m
30o x
y
thic kness= 0.503m m
Fixed end
6m m
Fig. 2. Illustration of a plate ﬁxed at the bottom with two symmetric sharp-V
notches subjected to a uniform load r0.Fig. 3, where the smallest element size is 1/3200 of the notch
length (1 mm), and 1/1006 of the plate thickness (0.503 mm).
The purpose of the ﬁne mesh near the notch tip is to conﬁrm a cor-
rect ﬁnite element result. Moreover, the ﬁnite element result inside
a small circle with the radius of a/20 (0.05 mm) is used for the
least-squares method to ﬁnd parameters {ai} in Eq. (35), where
the origin is at the notch tip. To demonstrate the solution charac-
teristics for this orthotropic material, the deformation shapes of
the primary mode and three shadow modes on the plate surface
for the ﬁrst eigenvalue (d1 = 0.4969546 under v = 0.49) are shown
in Fig. 4. This ﬁgure indicates that the primary mode represents a
tension deformation, the ﬁrst shadow mode shows an out-of-plane
deformation, and the second shadow mode shows an in-plane
tension mode. The subsequent shadow modes will then show
succeeding out-of-plane and in-plane deformations. It is noted
the in-plane and out-of-plane modes are not coupled for these pri-
mary and shadow solutions because of the orthotropic material.
However, they can be coupled for the anisotropic material.
6.2. Accuracy due to the number of primary and shadow terms
This section examines the accuracy of the proposed method
based on Eq. (4) with the Poisson’s ratio of 0.49 in each direction.
The investigation contains three parameters, the number of pri-
mary terms (Nd) using Eq. (5), the number of shadow terms (Nq)
in Eqs. (6) and (7), and the number of restarting cycles (Nt) men-
tioned in Section 5. Fig. 5 shows the errors on the plate surface
using Eqs. (36) and (37) changing with Nd under Nq = 400 and
Nt = 20, Fig. 6 shows these errors on the plate surface changing
with Nq under Nd = 22 and Nt = 20, and Fig. 7 shows these errors
on the plate surface changing with Nt under Nd = 22 and Nq = 400.
These ﬁgures indicate the following features:
(1) If only one or two primary terms are used, Fig. 5 shows that
the errors are large, and these will be gradually reduced as
more and more primary terms are included. Fig. 5 shows
that the errors can be signiﬁcantly small when enough pri-
mary terms, such as more than 18, are included. Moreover,
the curves are considerably smooth changing with the num-
ber of primary terms, which means that including as many
primary terms as possible should be a good way to increase
the accuracy of the analysis. However, too many primary
terms may cause difﬁculties in the numerical procedure,
such as truncating errors. An appropriate number of primary
terms can thus be used, such as 16–24, as suggested by the
reference Ju (2010).
(2) When the number of primary terms is set, an increase in the
number of shadow terms will reduce the errors of the pro-
posed method. The curves of the errors changing with the
number of included shadow terms are considerably smooth.
However, Fig. 6 indicates that an acceptable accuracy
requires over 100 shadow terms, which means that the solu-
tion convergence is slow with the inclusion of shadow
terms, and thus more CPU time is needed. Nevertheless, sat-
isfactory accuracy can be obtained when enough shadow
terms are included.
(3) When the restarting number (Nt) increases, Fig. 7 shows that
the errors can be gradually reduced, and Nt equal to 20 may
have great efﬁciency. The proposed numerical schemes, as
shown in Section 5, may not be a best way to solve this 3D
problem. However, the restarting procedure can improve
the accuracy of the current method signiﬁcantly.
(4) From the above discussions, it can be seen that the proposed
method can simulate the 3D displacement ﬁeld of notched
plates accurately, if appropriate Nd. Nq, and Nt are selected.
It is noted that the shadow solutions are numerical, but
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Fig. 3. Finite element mesh.
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Fig. 4. Deformation shapes of the primary solution and three shadow solutions for the ﬁrst eigenvalue.
Fig. 5. Errors changing with the number of primary terms in Eq. (14) when Nq = 400
and Nt = 20.
Fig. 6. Errors changing with the number of primary and shadow terms in Eqs. (6)
and (7) when Nd = 22 and Nt = 20.
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can thus be obtained from the latter. To further demonstrate
the accuracy, Fig. 8 shows the displacement contours of the
plate surface in the z direction from the 3D ﬁnite element
method and the proposed method. When only the primary
terms are used (Fig. 8c), the displacement contours are very
different from the 3D ﬁnite element ones. However, with Nd.
Nq, and Nt equal to 22, 400, and 20, the result (Fig. 8b) is
almost exactly the same as the ﬁnite element one.6.3. Changes in the analytical accuracy in the thickness direction
Stress intensity factors (SIFs) are often used to represent the
singular level of problems with cracks or notches. This section will
determine the SIFs and errors (Eq. (37)) from the plate surface to
the middle section, and we deﬁne the following normalized SIFs
under 0 < Re(dj + 1) < 1:
kIðdjÞ ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
rdj
@/2
@r
ðr ¼ h ¼ 0Þ ð38Þ
Fig. 7. Errors changing with the number of restarting cycles (Nt) mentioned in
Section 5 when Nd = 22 and Nq = 400.
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p
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@r
ðr ¼ h ¼ 0Þ ð39Þ
kIIIðdjÞ ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
rdj
@/3
@r
ðr ¼ h ¼ 0Þ ð40Þ
The physical meaning of kL(dj) denotes the Lth-mode SIF pro-
duced from the singularity of the jth eigenvalue. For orthotropic
materials, such as used in this example, an eigenvalue dj only pro-
duces a non-zero value of kI(dj), kII(dj), and kIII(dj). We thus set the
SIFs of the ﬁrst three real eigenvalues (d1 = 0.4969546,
d2 = 0.4545478, and d3 = 0.3128111 for Poisson’s ratio of 0.49)
of this example at mode-I (in-plane tension), mode-III (out-of-
plane shear) and mode-II (in-plane shear). In order to demonstrate
the numerical results of this study, the dimensionless SIFs are
deﬁned as follows:
FIðd1Þ ¼ kIðd1Þr0
ﬃﬃﬃ
p
p
ad1
; FIIðd3Þ ¼ kIIðd3Þr0
ﬃﬃﬃ
p
p
ad3
and FIIIðd2Þ ¼ KIIIðd2Þr0
ﬃﬃﬃ
p
p
ad2
ð41Þ
where r0 is the far-ﬁeld applied normal stress (Fig. 2), and a is the
notch length of 1 mm shown in Fig. 2. The least-squares analysesFig. 8. z-Direction displacement contours on the plate surface (the numbers are the
37 = 0.0037 mm, and the interval between two lines = 0.0001 mm).under Nd = 22, Nq = 400, and Nt = 20 are performed to ﬁnd SIFs on
each x–y plane, as shown in Fig. 3a. The mode-I SIFs are generated
from the applied tension force, the mode-II SIFs are because the
notch is close to the plate ﬁxed end, as shown in Fig. 2, and the
mode-III SIFs are produced from the uneven shrinking near the
notch tip. Fig. 9 shows the total error (Eq. (37)) and SIFs of each
layer in the thickness direction. This ﬁgure indicates:
(1) The total errors not larger than 8  103 are considerably
smaller at each thickness layer, and the calculated SIF curves
changing with the z coordinates are smooth inside the plate.
This means that the proposed method can obtain accurate
solutions, inwhich the analytical primary solutions are useful
to represent the singular characteristics near the notch tip.
(2) The mode-I and mode-II SIFs change sharply near the plate
surface. The absolute values of the mode-I SIFs decrease
from the middle layer to the surface, but those of the
mode-II SIFs increase. Both mode-I and mode-II SIF curves
are smooth and ﬂat when the locations are only a small dis-
tance inside the plate surface. Although the mode-III SIFs are
much smaller than those of other two modes, the curves still
change smoothly along the plate thickness direction.
(3) The 3D effect of the singularities at the notch tip is highly
dependent on the Poisson’s ratio. This ﬁgure indicates that
the increase of the Poisson’s ratio will also increase the SIFs
of modes I to III. Moreover, the sharp change of the SIFs near
the plate surface is more serious when the material has a lar-
ger Poisson’s ratio. If the Poisson’s ratio is equal to zero, the
problem will be 2D, and both plane stress and plane strain
theories obtain the same correct results.
We also calculated the SIFs under the plane strain assumption
using the H-integral proposed by Labossiere and Dunn (1998) to
compare with the 3D SIFs, where the SIFs calculated from the 2D
H-integral are averaged from the six different loops of a 2D ﬁnite
element mesh, which is the same as the mesh of a section in
Fig. 3. Table 1 shows the result, which indicates that the 3D
mode-I SIFs at the plate mid-plane are similar to those calculated
from the 2D plane-strain theory, if the Poisson’s ratio is small, such
as v 6 0.1. If not, the difference between 2D and 3D analyses
cannot be ignored.curve numbers of the displacement contours, where line 1 = 0.0073 mm, line
(a) Total error (b) Normalized mode-I SIFs ( ( )1δIF )
(c) Normalized mode-II SIFs ( ( )3δIIF )    (d) Normalized mode-III SIFs ( ( )2δIIIF )
Fig. 9. Total errors and SIFs changing with the z-coordinate in the plate thickness direction with Nd = 22, Nq = 400, Nt = 20, and Poisson’s ratio (v) = 0.1, 0.3, or 0.49.
Table 1
Comparison of the mode-I normalized SIFs (FI(d1)) between 3D and plane strain
analyses (The 3D SIFs are calculated at the mid-plane of the plate.).
Poisson’s ratio v = 0 v = 0.1 v = 0.3 v = 0.49
Proposed 3D least-squares method 1.196 1.201 1.253 1.351
2D H-integral 1.197 1.195 1.186 1.163
Fig. 10. Illustration of a plate ﬁxed at the bottom with a sharp-V notch subjected to
3D load for the analysis in Section 6.4.
Fig. 11. Errors changing with the number of primary and shadow terms in Eqs. (6)
and (7) when Nd = 22 and Nt = 20 for the anisotropic material.
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plane loads
The material of above simulations is transversely isotropic, so
this section investigates the accuracy of the proposed method usedto anisotropic materials under both in-plane and out-of-plane
loads. The problem, as shown in Fig. 10, is the same as that shown
in Fig. 3(a) except without the symmetric part, which means that
the plate containing only a sharp-V notch is a half of that shown
in Fig. 2. The applied stresses along the upper side of the plate
are r0/2, r0, and r0/50 in the x, y, and z directions, respectively.
The plate material in the previous sections is orthotropic, and we
will change it to the anisotropic one with the properties of
E11 = 120 GPa, E22 = 70 GPa, E33 = 50 GPa, m21 = 0.2, m31 = 0.2,
m32 = 0.3, G12 = 10 GPa, G31 = 12 GPa, and G32 = 15 GPa. Initially,
axes 1, 2, and 3 are the same directions of global axes x, y, and z.
The ﬁrst material axis (axis 1) is subjected to an axis rotation of
p/6 around the x-axis, and then a rotation of p/6 around the new
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Fig. 12. z-Direction displacement contours on the plate surface for the anisotropic material (Line 1 = 0.3956 mm, line 29 = 0.4076 mm, and interval between two
lines = 0.000429 mm).
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with Nq under Nd = 22 and Nt = 20. This ﬁgure indicates the same
conclusions as those of the orthotropic material in the previous
section, which means that the proposed method can obtain accu-
rate simulations for anisotropic plates under arbitrary loads.
Fig. 12 shows the displacement contours of the plate surface in
the z direction from the 3D ﬁnite element method and the pro-
posed method. Similar to the result of the orthotropic material,
with Nd Nq, and Nt equal to 22, 400, and 20, the result (Fig. 12b)
is almost exactly the same as the 3D ﬁnite element one
(Fig. 12a), but that with only the primary terms does not.7. Conclusions
A hybrid method is used to solve 3D elastic bodies with sharp-V
notches. The equilibrium equation is ﬁrst used to separate the elas-
tic formulation into primary (in-plane) and shadow modes, where
the 2D analytical solution under the plane-strain theory is adopted
to represent the primary modes, and the numerical method is used
to ﬁnd the solution of the shadow modes. Since the 2D partial dif-
ferential equations with the particular terms should be solved to
obtain the shadow modes, it is difﬁcult to solve them analytically.
A weak form based on ﬁnite element theory is thus proposed to
solve those differential equations to obtain the shadow modes
numerically. Finally, a least-squares method is adopted to ﬁnd
the multiplication factors of these primary and shadow modes
using the 3D ﬁnite element results. The major advantage of the
proposed method is that the shadow modes are numerical but
the primary modes are analytical. The notch singularity can thus
be obtained from these primary equations.
Numerical simulations indicate that the proposed method
incorporating the 3D ﬁnite element results can be used to simulate
the singularities near a sharp V-notch accurately for anisotropic
materials, if the appropriate number of primary modes, shadow
modes, and restarting cycles (Nd, Nq, and Nt) are selected. Moreover,
a 3D whole displacement ﬁeld can be obtained with the singular
effect near the notch or crack tip.
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